l Introduction. Although every topological space admits a quasiuniformity, in this paper all spaces are presumed to be completely regular Hausdorff spaces. A major portion of Chapter 3 of [13] is devoted to the study of the point-finite, locally finite, semi-continuous, fine-transitive and fine quasi-uniformities, which we denote, as in [13] , by ^J^, S£&", ίfΉ, J^and ίFJJfg. Necessary and sufficient conditions for these quasi-uniformities to be precompact are given in [13, page 58] . The companion problem of determining necessary and sufficient conditions for these quasi-uniformities to be complete is indicated in [13, page 59] but left unresolved; and it is clear that topological characterizations of the completeness of these quasi-uniformities are in general hard to formulate. Indeed, although the authors have recently shown that a separable locally compact normal space due to S. P. Franklin and M. Rajagopalan admits no complete quasi-uniformity, it is still unanswered whether J^^is complete whenever JFJJfS is complete.
Our first proposition establishes that each of the completeness properties discussed above is an extension property as defined by R. G. Woods [53] . Accordingly, by results of H. Herrlich and J. van der Slot [24] , if 3P is any of the completeness properties under consideration, each space X has a unique maximal P-extension &{ X) with the following properties:
Q)&{X) has property^.
(2) X is a dense subspace of 0>( X).
Proof. By a result of Herrlich and van der Slot, it suffices to show that 9P is a closed-hereditary productive property that is satisfied by all compact spaces [24, Theorem 1]. Since every quasi-uniformity of a compact space is complete, $P is satisfied by all compact spaces. Moreover, by [13, Proposition 3.10 and remarks in §2.18], 0* is closed hereditary. To show that £P is productive we consider as typical the case that & is PF-completeness. Let X = Π{ X a : a e A} be a product of PF-complete spaces, for each a e A let °lί a be the point-finite covering quasi-uniformity of X a9 and let ^be the point-finite covering quasi-uniformity of X. Then Π{^α: a ^ A} is a complete quasi-uniformity; and, since °ll contains Π{ ^α: a e A}, <%is complete as well. D
Let us recall that a topological space X is almost realcompact [17] , (closed complete [9] We say that a space X is Dieudonne complete provided that the fine uniformity of X is complete. The terms PF-complete, LF-complete, SCcomplete, and so on are similar abbreviations; e.g., a space X is PF-complete provided that SPϊF is a complete quasi-uniformity for X. In the diagrams to follow, which indicate the relationships that hold among the completeness properties we are to study, the symbol -> indicates an implication that holds for spaces that have no closed discrete subspaces of measurable cardinality. The non-trivial implications given in the first diagram are either well known or are consequences of Propositions 2.2-2.4. Proof, (a) Assume that Xis Dieudonne complete and let ^denote the fine uniformity of X. Then #c .£^ [13, Proposition 5.3] and so if X is Dieudonne complete, X is obviously LF-complete. (b) Since a &J^Cauchy filter meets every point-finite open cover, it is obvious that every metacompact space is PF-complete. The proof that every LF-complete space is PF-complete follows as in the proof of statement (a), (c) This implication is the well-known result [9, Theorem 1.6] . D
The proof of the following proposition uses ideas of P. Zenor [56] . PROPOSITION Proof, (a) Assume that Xis LF-complete and let ^be an ultrafilter on X that has no cluster point. We show that ^is not an 5^-Cauchy filter. Since ^is not ani^Cauchy filter, there is a locally finite open cover ^of X so that & C\ % = 0. There is a set D, necessarily infinite, so that {st(x, ^): x G D) covers X and no member of ^contains two points of D, [37, Theorem 18] 
U G Φ} is a filter base on Y and there is an ultrafilter f on 7 containing Jί. Since card(Y) = card(D), which is a non-measurable cardinal, Y with the discrete topology is realcompact. Since <3 Π ^ = 0, Π^= 0 and so there is a countable subcollection {K n : n e ω} of ^so that Π{ i^n: « e ω} = 0. We assume, without loss of generality, that K n + ι c K n for each n e ω. For each w e ω, set i^ = X -U K n . Let « G ω and suppose that F n e ^. Then 0 = M(F n ) Π AΓ n G ^^-a contradiction. Therefore, for each n ^ ω, X -UK n £ <V. Suppose that <g= {X-\JK n \ n e ω} covers X For each positive integer π set G w = X -U ΛΓ Λ and for each non-positive integer n set G n = 0. Then {(?": « is an integer} is an open spectrum and so if ^is an ^^-Cauchy filter there is a positive integer n so that G n^ °U [13, Theorem 2.12] . Thus, in order to show that ^is not an filter, it suffices to show that {X -U K n : n ^ ω] covers X. Suppose that y <£ U{X -U K n : n ^ ω}. For each n e ω, K n is locally finite and hence closure preserving, and so there is a V n e ^ so that j G V n . But as ^ is locally finite, y belongs to the closures of only finitely many members of <g. Thus, there exists m G ω so that V n = P^ for infinitely many /?. It follows that K m G Π{iΓ Λ : n G ω}-a contradiction.
(b) The proof of this assertion requires only minor modifications of the proof above. Assume that X is PF-complete and let 3? be a free closed ultrafilter on X. Then JMs contained in an ultrafilter °U and J^= {[/: ί/ G ^}. As above, there are subcollections {K n \ n G ω} of a point-finite open cover ^so that Π{ K n \ n G ω} = 0 and A' n + 1 c AΓ w for each n G ω.
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For each n G ω, X -\J K n £^ and so there exists A n G #" so that * c U^.Thus, we have that Γ\{A n : n G ω) c Π{U^W: /2 G ω} = 0. (c) The proof of this assertion requires only minor modifications of the proof of assertion (b). Assume that X is normal and PF-complete and let <2"be a free ^ultrafilter. Then «2"is contained in a closed ultrafilter J*", which in turn is contained in an ultrafilter Φ. We note that J^= {U: U G <%}. Since # is not a ^J^Cauchy filter, {X -F: Fe^} has a point-finite open refinement S?. As above, there exist open sets G n so that Π{ G n : n G ω} = 0 and, for each n ^ ω, X -G n <£ ^. Thus, there exists {y4 w : «eω}c5so that A n c G rt for each n G ω. Since X is normal, there are zero-sets Z rt so that >4 Λ c Z n c G Λ for each n G ω. Then {Z w : « G ω) is a countable free subcollection of Z. U
It is evident that a discrete space of measurable cardinality satisfies all the conditions of the top line of Diagram 1 and none of the conditions of the bottom line. Thus the hypothesis of Proposition 2.4 that no closed discrete subspace of X be of measurable cardinality cannot be omitted. In the presence of further restrictions upon the space X, several other implications among the completeness properties of Diagram 1 may be obtained. We begin by considering properties related to normality. A space X is almost 2-fully normal provided that the collection of all neighborhoods of the diagonal of X is the fine uniformity of X, and X is somewhat normal provided that, for each open cover ^of X, (st(jc, #): x G X) is a normal cover of X. It is known that an almost 2-fully normal space is both collectionwise normal and somewhat normal [36 Proof. Let X be a PF-complete somewhat normal space, let J^"be an ultrafilter that is Cauchy with respect to the fine uniformity, and let ^be a point-finite open cover of X. Since ^* = {st(jc, &)\ x G X) is a normal cover, ^* and ^meet J*\ Hence J^is a ^J^Cauchy filter and converges. The remaining implication of the proposition is an immediate consequence of the well-known result of E. e ω x X ω} is a subbase. It is well known that X is almost realcompact [27] . To see that X is not LF-complete, let Φ be an ultrafilter on X containing {(α, ω λ ) X [n, ω): α€ω l9 ft€ω}. Let ^be a locally finite open cover of X and for each n e ω let β n e ω, so that H(β n9 n) is a subset of some member of #. Let β = sup{^n: n ^ ω}. Suppose that there is no finite subcollection of # covering (/?, ω x ) X [0, ω). Then # is not locally finite at (β + 1, ω λ ). Therefore <% CΛ °l/Φ 0 and so °ll is an ^J^Cauchy filter without a cluster point.
In the preceding corollary, countable paracompactness cannot be replaced by countable metacompactness, because the Dieudonne Plank is a metacompact (and hence PF-complete) SC-complete space that we have just seen is not LF-complete. In light of K. Hardy's result that a countably paracompact closed-complete space is almost realcompact [20] , the following diagram indicates the relationships among the completeness properties under consideration that obtain in countably paracompact spaces.
LF-complete -> PF-complete U TI* SC-complete <-> closed complete DIAGRAM 2 Diagram 2 suggests the conjecture that every countably paracompact PF-complete space is LF-complete. Somewhat surprizingly, this conjecture is known to be false, for R. Haydon has given an example of a normal metacompact space (of measurable cardinality) that is not Dieudonne complete [22, Remark following Example 3.1]. It follows from Proposition 2.6 that Haydon's space is not LF-complete, and since the space is normal and metacompact it is obviously both countably paracompact and PFcomplete. It is also noteworthy that the only property of Diagram 2 satisfied by Mary Ellen Rudin's Dowker space is closed completeness.
We consider briefly the behavior of our completeness properties in the class of (weak) cb-spaces. (Weak) cb-spaces were first defined and studied by J. G. Home [25] , J. Mack [33] and J. Mack and D. Johnson [34] , but we refer the reader to [49] for definitions and results. For our purposes it is enough to note that an extremally disconnected space is a weak cb-space, that a normal or weak cb-space is a cb-space if it is countably paracompact, and that a space is realcompact if it is an almost realcompact weak cb-space or a closed complete cb-space [9, Corollary 1.10]. By virtue of our previous propositions, these results justify the following diagram. Evidently both parts of Diagram 3 collapse when we restrict our attention to spaces in which each closed discrete subspace is of non-measurable cardinality. Haydon's example, which is normal and countably paracompact, is a cb-space. Hence, there is a measurable cardinal if and only if there is a PF-complete cb-space that is not LF-complete. As the following question indicates, the relationship between LF-completeness and Dieudonne completeness has not yet been determined. Question 2.11. Is every LF-complete (cb-) space Dieudonne complete?
It follows from Corollary 2.9 that Question 2.11 would be answered negatively if there exists a countably paracompact almost realcompact space of non-measurable cardinality that is not realcompact. Unfortunately, the existence of such a space is itself an unsolved problem. The next proposition provides a class of weak cb-spaces in which LF-completeness and Dieudonne completeness coincide. The proof of this proposition, and of several propositions to follow, is facilitated by the simple observation that a regular quasi-uniform space is complete provided that every open ultrafilter that is a Cauchy filter has a cluster point [15, Theorem 3.6] . PROPOSITION 
Every extremally disconnected LF-complete space is Dieudonne complete.
Proof. Let X be an extremally disconnected LF-complete space and let W be an open ultrafilter over X that has no cluster point. There is a locally finite open cover »S?so that
} is a locally finite cover of X by open-and-closed sets, ^ is a normal cover of X that misses ΰ ίί. Thus ^ is not a Cauchy filter with respect to the fine uniformity. D
We now consider the behavior of FT-completeness and FINE-completeness. Since y^cfj, it follows from Proposition 2.2 that every almost realcompact space is FT-complete and hence FINE-complete. The implications of Diagram 4, which are evident, indicate, however, that FT-completeness and FINE-completeness are far weaker properties than almost realcompactness.
orthocompact -» weakly orthocompact -» FT-complete
It is unknown whether every FINE-complete space is FT-complete. Indeed, if X is an indiscrete space or an orthocompact semi-stratifiable space, then&&*(X) = &frfδ{X)\
in general it appears difficult to find spaces in which J^and ^JJVS differ (see [13, Chapter 6] ). As noted in [30] , Example 7.25 of [13] provides a space that is quasi-normal but not weakly orthocompact. Example 5.34 of [13] is FT-complete but not weakly quasi-normal and ω λ X βω λ is a weakly orthocompact space that is not quasi-normal [13, Corollary 5.40] . Thus none of the remaining implications of Diagram 4 is reversible, (and it seems unlikely that the implication FT-complete -> FINE-complete will turn out to be reversible either.)
We end this section by considering the behavior with respect to perfect continuous maps of the completeness properties we have been considering. It is shown in [13] that weak orthocompactness and weak quasi-normality are inverse invariant under perfect continuous maps (as are the extension properties FT-completeness and FINE-completeness). The proof given below that FINE-completeness is preserved by perfect continuous maps can be modified to show that FT-completeness, weak quasi-normality and weak orthocompactness [42, Lemma 2.4] are also preserved by such maps. Thus, although neither orthocompactness nor quasi-normality is preserved by perfect continuous maps [13, Example 5.24] , the remaining properties of Diagram 4 are invariant under perfect continuous maps in both directions. PROPOSITION 
FINE-completeness is preserved by perfect continuous maps.
Proof. Let f: X -* Y be a perfect continuous map from a FINE-complete space X onto a space Y and let J^be a J^ΛΛf(7)-Cauchy filter. Then {f~\F): F G &} is contained in an ultrafilter ^on X. Let Fbe a normal neighbornet of X and let W be a normal neighbornet of X so that It is interesting to note that the absolute of the Dieudonne Plank is realcompact (and hence LF-complete) [ The results given above show that FT-completeness and FINE-completeness are extremely general extension properties. Nonetheless, in the next sections we determine some interesting topological spaces that are not FINE-complete. . Furthermore, a space X is compact if either of the following obtains: There is an extension property 0 so that X satisfies SP and is P-pseudocompact, or there is a compatible complete quasi-uniformity that is almost precompact. Thus it is reasonable to suppose that for some completeness properties & a space is P-pseudocompact only if the corresponding quasi-uniformity is almost precompact. In this section, we pursue the connection between P-pseudocompactness and almost precompactness that Porter and Woods's theorem suggests. We adopt the self-explanatory terminology PF-pseudocompactness, LF-pseudocompactness and so forth, and we recall the easy but useful observation that a quasi-uniform space (X, °U) is almost precompact if and only if every open ultrafilter over X is a Cauchy filter [15] . Proof. By [15, Theorem 4.1], (X, SfΉ) is almost precompact if and only if X is pseudocompact. Moreover, as the maximal SC-extension of X is the almost realcompactification aX of X [55] , if X is SC-pseudocompact, then aX = βX and so X is pseudocompact. In light of the previous lemma, it suffices to establish the following implications: We note that the previous corollary includes both the result of Scott that every pseudocompact metacompact space is compact and the classical result that every pseudocompact Dieudonne complete space is compact.
We now consider P-pseudocompactness and almost precompactness for IFJJiΓS and &2Γ. As in [32] , we say that a topological space X is almost precompact (FT-almost precompact) provided that J^Λ/Γ^ ^SΓ) is an almost precompact quasi-uniformity. Although the concept of almost precompactness predates the fundamental paper of S. H. Hechler [23] , it is clearly kin to the following result of Hechler, which is generalized by J. E. It turns out that the extension property ω-boundedness, considered by Woods in [51] , is useful in determining spaces that are almost precompact. A space X is ω-bounded provided that the closure of each countable subspace is compact [19] and [28] . Following the Russian literature, we avoid the inappropriate terminology "countable chain condition" by saying a space X has the Souslin property if every collection of pairwise disjoint open subsets of Xh countable. 
(E).
A space X is a weakly LindeΓόf space provided that every open cover of X has a countable subcollection whose union is dense. A point p of X has countable tightness provided that if C c X and p e C then p belongs to the closure of some countable subset of C. A space in which each point has countable tightness is said to be of countable tightness.
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Although the following variant of Proposition 3.3 is not used in the present paper, we believe that it may prove useful in another setting. 
COROLLARY. Every ω-bounded subspace of a normal weakly Lindelόf FINE-complete space of countable tightness is compact.
Following P. Nyikos and J. Vaughan [39] and [47] , we say that a locally compact space X is a Franklin-Rajagopalan space [16] provided (a) X has a countable dense set of isolated points (which we identify with ω) and (b) the remainder X -ω is homeomorphic to an ordinal with the order topology. Theorem 1.3 and Lemma 3.1 of [39] characterize a countably compact non-compact Franklin-Rajagopalan space as a space of the form ω U μ, where μ is an ordinal of uncountable cofinality considered to be disjoint from ω, for which the topology on ω U μ is defined in terms of a maximal increasing tower on ω. This characterization enabled the authors to prove that every countably compact FranklinRajagopalan space of regular uncountable cardinality is almost precompact [32, Proposition 3.4]. Our corollary to Proposition 3.3 provides an alternate proof of this result, which shows that it is unnecessary to require that the Franklin-Rajagopalan space be of regular cardinality. PROPOSITION 
Every countably compact Franklin-Rajagopalan space is almost precompact.
Proof. Let Γbe a countably compact Franklin-Rajagopalan space. We may assume that T is not compact. Thus, by the results of [39] , we assume that there is an ordinal μ of uncountable cofinality so that T = ω U μ (where ω and μ are considered disjoint) and an increasing maximal tower 
(F(/x) U U(F)) c ί/(£) U U(F) c U(E U F). Π
The proof of the following proposition makes use of the result of [7, Example 7 .1] that the one-point compactification and the Stone-Cech compactification of a countably compact Franklin-Rajagopalan space coincide. In proving this proposition we also make use of a key lemma, which we will use repeatedly. LEMMA 
Let X be a space with the Souslin property, let Q be a FϊNΈ-complete space, and let f: X -> Q be a continuous function. If B is an ω-bounded subset of X and x e cl βx (B), then f admits a continuous extension /: XU {x} -> Q.
Proof. Because FINE-completeness is a closed-hereditary property, we assume without loss of generality that/( X) = Q. Let/^: βX -» βQ be the continuous extension of / to βX, let B be an ω-bounded subset of X and let x e c\ βx (B) . • Since every almost precompact space is pseudocompact, it is natural to ask if every almost precompact space must be countably compact. It is possible to give an easy counterexample to this conjecture, using a countably compact Franklin-Raj agopalan space of regular cardinality in place of ω x in the construction of the Tychonoff Plank. The example we give here is somewhat more involved, since it makes use of remote points, but it is more interesting.
Let X be a space and let p e βX. As in [6] , we say that p is a remote point of X and write p e p( X) if p e β(X) -X, but for each nowhere dense set A of X, p ί c\ βx (A). We have need of the result of Woods [51, Theorem 3.5], whose proof is emended in [6, Theorem ll.l(a)], that if X is a σ-compact locally compact space of countable π-weight and X has no isolated points, then pX and its complement in βX -X are dense ω-bounded subsets of βX -X. 
(E U F).
Because X is realcompact, but not compact, there is a countably infinite closed subset A of X that has no cluster point in X, and since A is nowhere dense cl^^) Π ρ(X) = 0. Thus Y has a countably infinite closed set without a cluster point.
Since ω x with the order topology is orthocompact [12] , this space provides a simple example of a pseudocompact space that is not FT-almost precompact. Nonetheless, the following two propositions indicate that (FT-) almost precompactness mimics the behavior of pseudocompactness. In the first of these propositions conditions (a), (b), and (c) are included only for the sake of completeness. Condition (a) has been proved for the fine quasi-uniformity in [32, Proposition 2.3] (the proof given there also holds for 3FίΓ\ and we omit the proofs of (b) and (c), which are routine. Since Γ is a primary example of an almost precompact space that is not compact, in light of Corollary 3.10, we consider the absolute of this space. PROPOSITION 
COROLLARY. If ^ is a T-point, βω -{<%} is almost precompact.
Proof. Let % be a Γ-point, and let {A a : a e μ} be a maximal increasing tower disjoint from °lί. We assume that T and / are defined as in the previous proposition. By Corollary 3.10, βω -f~1({μ}) is almost precompact so that by Proposition 3.9(c) it suffices to note that βω -/~1({ju,}) is a dense subspace of βω -{°U}. D
Recall that if X is a topological space X* denotes βX -X. It is known to be consistent that every point of ω* is a Γ-point (see [2] ). K. Kunen has shown that under the continuum hypothesis there exists p G ω* such that p is not a Γ-point (and by [39, Corollary 2.8] there are then 2 C such points.) It follows from our next proposition that even if p is not a Γ-point, βω -{p} is almost precompact, (see remarks following Proposition 3.12). The proposition is suggested by results of V. I. Malyhin [35] . PROPOSITION 
Let X be a locally compact realcompact space with the Souslin property and let x e X*. Then βX -{x} is FΪNΈ-pseudocompact.
Proof. By Lemma 3.6, it suffices to find an ω-bounded subset B of X* such that x e (cl x *B) -B. Since X is realcompact, no point of X* is isolated. Therefore, if x is a P-point of X*, so that the intersection of any countable family of neighborhoods of x is a neighborhood of x 9 then X* -{x} is the required ω-bounded subset. Suppose that x is not a P-point of X* and let H be a G δ -set of X* such that x G i/ -int x */f. There is a countable collection of zero-sets of X*, We conclude this section with a few observations concerning βω. First, we note that the space βX of the previous proposition is not of countable tightness at x. We have just seen that Y = βX -{x} is FINE-pseudocompact and if βX is extremally disconnected at x (see [ Let/? e ω*. There is a marked difference in the behavior of βω -{p} and ω* -{/?}. Because βω -{/?} is separable, it follows from the remarks above that βω -{p} is almost precompact. But if p is a simple P-point [38] of the non-separable space ω*, then/? has an open-and-closed neighborhood base 9 in ω* that is well ordered by reverse inclusion. Consequently, #= {ω* -G: G e ^}isan interior-preserving open cover of ω* -{/>}. Hence each J^y(ω* -{/>})-Cauchy ultrafilter meets # and so converges. Notice, however, that if p is a point of ω* and / is an embedding of βω into ω*, then it follows from Proposition 3.10 and the preceding remarks that/(βco) -{/(/>)} is a closed almost precompact subspace of ω* -{/(/>)}. Thus, to* -{/(/?)} is not FINE-complete.
4. Σ-products and explicit constructions of extensions. The primary purpose of this section is to show that for 3P = FINE-completeness, the maximal P-extension of certain Σ-products is their corresponding Tychonoff product. In pursuing this purpose, we shall also show that any Σ-product with compact factors is almost precompact. Proof. Let Σ(2) = Σ(2 /ί ,0). Then Z contains a closed homeomorphic copy of the almost precompact non-compact space Σ(2), or Z contains a closed homeomorphic copy of the almost precompact non-compact space 2 Λ -{5}.
•
We have seen that no Σ-product is FINE-complete and yet it is often the case that the corresponding Tychonoff product enjoys one or more of the completeness properties we have been investigating. For example, the product of weakly orthocompact spaces is FT-complete, the product of metacompact spaces is PF-complete, and, of course, all extension properties (in particular all our completeness properties) are productive. We exploit the difference in the behavior of Σ-properties and Tychonoff products to show that the Tychonoff product often provides the maximal extension of a corresponding Σ-product. [46] , it is shown that a Σ-product is not always so embedded even when all the factor spaces are realcompact. Recall that a space X is pseudo-tt ^compact provided that each locally finite open collection of X is countable. Evidently, a space that is either pseudocompact or weakly Lindelδf is pseudo-N^compact. Some interesting cases in which a Σ-product is C-embedded in its corresponding Tychonoff product are instanced by the following result of M. Ulmer [46, Theorem 2.2]: If a Σ-product is pseudo-S 1 -compact, or if each factor space of the corresponding Tychonoff product is first countable, or if each factor space of the corresponding Tychonoff product is a P-space, then the Σ-product is C-embedded in the corresponding Tychonoff product.
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For notational convenience, if & = PF-completeness, LF-completeness, SC-completeness, FT-completeness or FINE-completeness, we denote the maximal P-extension &(X) of a space X by /? PF (X), β LF (X), and so forth. Recall that, since SC-completeness is almost realcompactness, β sc X is the almost realcompact extension aX introduced by Woods in [55] . In light of results from §2, the referee suggests that it would be interesting to determine conditions under which either β LF (X) or β FF (X) coincide with aX. We now turn to problems concerning products of FINE-pseudocompact spaces, in which our results concerning Σ-products play a role. The following example shows that we cannot omit the hypothesis of the preceding proposition that X X Y is pseudocompact. EXAMPLE 4.7. There are two almost precompact spaces X x and X 2 so that X λ X X 2 is not pseudocompact. Let X x and X 2 be the spaces of [41, Example 5.2] . These spaces, which are constructed from two types of weak P-points, are separable subspaces of βω with the property that for i = 1,2, each X. Π ω* is an ω-bounded subset of ω*. As shown in [41] , X λ and X 2 are countably compact and X λ X X 2 X t ) c cl^F^i?,) ). Since each X t is countably compact it follows that each X t is almost precompact.
Our last proposition is related to the following theorem of I. Glicksberg [18, page 370] : If every countable subproduct of a product space is pseudocompact, then the product space is pseudocompact. Using Glicksberg's theorem we establish an analogous result for FINE-pseudocompactness. PROPOSITION (X a 
